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It is found that the customary approach to Fokker-Planck coefficients for the inverse-square force has
three defects. First, a small scattering angle cannot guarantee a small Taylor expansion argument.
Second, a cutoff on the scattering angle did not fulfill Debye cutoff theory because it cannot exclude dis-
tant (weak) collisions with small relative velocity nor include close (effective) collisions with large rela-
tive velocity. Third, a singularity attributed to zero relative velocity had been overlooked. These defects
had been vaguely covered up by the artificial treatment of replacing a variable relative velocity in a
Coulomb logarithm by the constant thermal velocity. Therefore, the customary approach is question-
able because one cannot regard the replacement as some kind of “average” or “approximation.” In this
paper, the difference between small-angle scattering and small-momentum-transfer collisions of the
inverse-square force has been clarified. The probability function P(v,Av) for Maxwellian scatters is de-
rived by choosing velocity transfer Av, which is the true measure of collision strength, as an independent
variable. With the help of the probability function, Fokker-Planck coefficients can be obtained by the
normal original Fokker-Planck approach. The previous unproved treatment of the replacement of the
relative velocity is naturally avoided, and the completed linearized Fokker-Planck coefficients are gen-
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I. INTRODUCTION

The original Fokker-Planck equation was derived from
the random motion model, in which a stochastic process
is described by a transition probability P(v,Av), where
the velocity v and its transfer Av are independent vari-
ables [1-4]. The Fokker-Planck equation has also been
widely used to evaluate the collision term of the inverse-
square type of force. In stellar dynamics, Chandrasekhar
first discussed this theory for stochastic effect of gravity
[5,6]. The applications of this equation to plasma physics
were first developed by Landau [7], by Spitzer [8], and
later by Rosenbluth, MacDonald, and Judd [9]. Al-
though the approach to Fokker-Planck coefficients has
undergone some improvement from Landau to Rosen-
bluth, MacDonald, and Judd, their approaches, as well as
those of other authors [10-13], still deviated from the
original Fokker-Planck theory because the velocity incre-
ment Av was replaced by scattering angle 6 as a measure-
ment of collision strength. This aberration finally result-
ed in an unclear small-angle cutoff 6, and a tough in-
tegration difficulty. The cutoff on scattering angle at 6,
could not cut off the distant (weak) collisions with very
small relative velocity; meanwhile, it unfairly excluded
the close (effective) collisions with very large relative ve-
locity. The integration difficulty had to be artificially
treated by replacing varied relative velocity in the
Coulomb logarithm by the thermal velocity of field parti-
cles. Some authors have noted the defect [14]. However,
no sound justification has ever been given for this treat-
ment.

In principle, the completed Fokker-Planck equation is
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expressed as the following infinite series [12,13,15]:
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where (9f /9t ), is the time rate of the change of the dis-
tribution function f due to collisions, Av" is the Nth or-
der dyadic of velocity increment for the test particle, and
the Fokker-Planck coefficients { Av") should be calculat-
ed directly from the probability function P(v,Av) as fol-
lows [3,4]:

(avV)y= [ AVMP(v,Av)dAv . )

However, the exact form of P(v,Av) has never been de-
rived even for the Maxwellian distribution f,,(vz). All
of the previous authors alternately had to use the follow-
ing five-fold integral for the Fokker-Planck coefficients
[3,4,10]:

(avMy= [AVNfy(vpIgog sindd0dedy, , 3)

where o =(ZZpe?/4mequ)?/(4g*sin*60/2) is the Ruth-
erford cross section, in which p=mmg/(m +mpg) is the
reduced mass, 0 is the scattering angle in the center-of-
mass system, and ¢ is the azimuthal angle around the rel-
ative velocity g=v—vp, in which v and v, respectively,
are the velocity of test particle and field particle; Z and
Z g, respectively, are the charge number of the test and
field particle. The velocity increment had to be expressed
by field particle velocity and scattering angles, that is,
Av=Av(vg,0,9). By the customary approach of directly
calculating Eq. (3), the divergent difficulty for N <2 ap-
peared before Eq. (3) has been integrated over the field
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velocity vy. Therefore, the cutoff on the scattering angle
had to be introduced for the first twofold integral. In or-
der to facilitate the remained integral over the velocity
v, all previous authors [5—13] had to replace the varied
g by a thermal velocity v,, in the Coulomb logarithm.
Rosenbluth, MacDonald, and Judd pointed out that such
treatment is made mainly because no better way could be
found [9]. Furthermore, the previous approach is
inefficient for calculating the higher order Fokker-Planck
coefficients (IV >2) because the integrals over the scatter-
ing angles for every order of the coefficients have to be
done differently and repeatedly. The complex calculation
for the coefficients from N =3 [10] to N =4 [11] increases
quickly. To our knowledge no one has tried to calculate
the coefficients over N =5.

Based on the original physics consideration, this paper
presents another approach to the linearized Fokker-
Planck equation. It is found that the customary replace-
ment about the relative velocity g can be naturally avoid-
ed by keeping the momentum transfer mAv as an in-
dependent variable. Consequently, the explicit form of
the probability function P(v,Av) can be obtained provid-
ed the distribution function of field particles is Maxwelli-
an. After variables transform from (vy,0,¢) to
(Av,0,¢"), the integral over the scattering angle 6 and ¢’,
the azimuthal angle around Av, can be exactly carried
out so that the cutoff on the scattering angle at 6, is no
longer necessary. Then all the Fokker-Planck coefficients
can be derived from normal probability function P(v,Av)
by the direct integral over Av from Eq. (2). In other
words, this approach is actually the normal Fokker-
Planck approach. The Fokker-Planck collision operator
is generated to an exact expression of infinite series. The
Chandrasekher function [16] can be recovered from the
first and second terms of the general series.

The rest of the paper will be organized as follows. In
Sec. II, the different points between the scattering angle
and velocity increment are briefly clarified. Then, the
probability function is derived in Sec. III for Maxwellian
scatters. In Sec. IV, the completed Fokker-Planck
coefficients are calculated and expressed as a uniform ex-
pression by the normal approach. Finally, the conclusion
is addressed in Sec. V.

II. DIFFERENCE BETWEEN SCATTERING
ANGLE AND VELOCITY INCREMENT

In their treatment, the previous authors [5-13] were
limited by the misguided convention that collision event
of small- (large-) angle scattering is equivalent to a col-
lision event of small- (large-) momentum transfer, and
therefore to a weak (strong) or distant (close) collision
event. In the previous treatment, the velocity increment
Av was confused with and incorrectly replaced by the
scattering angle 6 when the collision strength was
defined. Such a replacement is valid only if g =|v—v F| is
constant. This is the case of Rutherford scattering for an
a particle, in which all a particles (test particles) have
same velocity, and the velocities of the target nucleus
(field particles) are almost zero. In plasma physics, how-

YONGBIN CHANG AND DING LI 53

ever, the field particle’s velocity vy can vary from zero to
infinity. Hence the relative velocity g also varies from
zero to infinity even if the test particle velocity v is a con-
stant. The magnitude of the velocity transfer Av, which
is proportional to g sin(6/2), cannot be determined by 6
alone because of the variation of g. Suppose a test parti-
cle with velocity v is impacted by many field particles
with different velocities vy. Based only on the magnitude
of the scattering angle 6, it is impossible to decide which
of these collisions belongs to ineffective (very distant) col-
lisions that should be cutoff and which are effective col-
lisions that should be included. In other words, the De-
bye cutoff could not be fulfilled by a cutoff at the scatter-
ing angle alone. The variation of the relative velocity or
the velocity of field particles should be taken into ac-
count. .

The impact parameter b < 1/g%tan(6/2), from which
the relation b « sinf/Av? can be derived, is well known.
From these two relations, it is found that the cutoff on
scattering angle at 6_;, cannot exclude the distant col-
lision events when g approaches 0, but a cutoff on veloci-
ty increment at Av ;. can, regardless of the variation of
the relative velocity. Obviously, it is Av rather than 6
that determines the collision strength when relative ve-
locities are not constant. Therefore, a cutoff on the veloc-
ity increment at Av_;, should be introduced instead of
the cutoff on scattering angle at 6,;,..

It will be proved in this paper that the singularity point
of the Fokker-Planck integral exists at Av =0 rather than
6=0, and that a cutoff on g at g, is essential to make
the integral infinite. The usual 0, cutoff is ineffective
because it fails to remove the singularity point. In fact,
the Fokker-Planck integral is still divergent after the 6,,;,
cutoff when g approaches 0. The customary finite result
was obtained by replacing the varied g by the thermal ve-
locity v, in the Coulomb logarithm. Therefore, the
divergent property at g =0 after the 6, cutoff was
vaguely covered up.

III. DERIVATION OF PROBABILITY
FUNCTION FOR MAXWELLIAN SCATTERS

The difference between Av and 0 also manifests itself in
other aspects. In Fokker-Planck theory, Av was em-
ployed as an argument for Taylor expansion, which
correctly reflects Av as the real measurement of the col-
lision strength. It is clear from the relation
Av=(2u/m)g sin(6/2) that 6 cannot replace Av as the
argument for Taylor expansion, because small 8 cannot
ensure the argument Av small when g is quite large. The
original Fokker-Planck equation was derived on the ran-
dom motion model, in which a stochastic process is de-
scribed by a transition probability P(v,Av). Naturally, it
is necessary to keep Av as an independent variable when
the normal approach is used to derive the linearized
Fokker-Planck equation for the case of inverse-square
force. In order to keep Av as an independent variable,
one can make the variables transform from (v,0,¢) to
(Av,6,¢') in Eq. (3) as follows:
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where @ =2 p/m is the mass ratio constant; E is an arbi-
trary constant unit vector; LE and |E, respectively,
denote the directions perpendicular and parallel to E; and
X represents the cross product.

Taking Av, 6, and ¢’ as independent variables, Eq. (3)
can be expressed as

Ny — N .
(AvMy= [ AVYf\(vi)gog sin(0) BAv. o)

Xd0dg'dAv 6)

Ve, @) ‘

Now the integral over the solid scattering angle becomes
independent of Av”, so that it needs to be integrated just
once for all Fokker-Planck coefficients. It is notable that
this approach greatly simplifies the calculation pro-
cedure. As mentioned above, the previous approach re-
quired integrals over the scattering angle for every order
of the coefficients. Obviously, the normal approach
developed in this paper is more concise than previous ap-

1

0
—ulcsc? =
2

wexp(—u?—2u-ug) .o
P(v,Av)= P 8 fo exp

21T3/2AU3

where u=v /v, and ug=Av/av,, respectively, are di-
mensionless variables for v and Av, in which
v, =V 2kT /mp is the thermal velocity of the field parti-
cle; @=vgpvy,mb3 has the order of the close collision fre-
quency of a test particle; ny is the density of the field par-
ticle; and bo=(mp/2u)ZZpe?/4me kT is the classical
distance of closest approach (Landau length) [17]. Take
the integral over ¢’ and the scattering angle 0; the proba-
bility function is obtained as

o exp(—u?—2u-uy)
" av,, )
» D(n+1,u})

iy nludrts

P(v,Av)=

J,(2luXugl)uXug",

(11

where I'(n +1,z) is the (n +1)th order incomplete gam-
ma function, and J, is the first kind of Bessel function
defined in Ref. [18]. It is not surprising that the integral
over scattering angle 6 is not divergent. Because
Fokker-Planck coefficients for N >2 are convergent in-

0 2 [} 2T
cot—z—csc ?defo exp
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proaches. Therefore, all Fokker-Planck coefficients can
be derived and expressed as a unified form, as will be
shown in Sec. IV.

With the help of Egs. (4) and (5), the following rela-
tions for the variable transform can be obtained as

g=(Av/a)csc(6/2) , ™
2
v§=v2+2'—(v-Av)+ [H csc 2
a a 2
2 6 .
» |vX Av|cot 5 sing’ (8)
and 5
avp, @) _ | csc(8/2) 9)
A(Av,¢") a

Substitute Eqgs. (7)-(9) into Eq. (6), and compare the re-
sult with Eq. (2); the probability function can be ex-
pressed as

de', (10)

2|u><u5(cot—g—sin<p’

f

tegrals, it is clear that the integral over 6, which is the
same for all coefficients, is not divergent even for N <2
coefficients. Actually, Av is an independent parameter,
and Av#0 in the integral over 6, so that small-angle
scattering does not mean distant collision events, but
close collision events with very large g since b <« sin/Av?
and g < Av /sin(6/2). After integrating over the azimu-
thal angle ¢’ and the scattering angle 6, the divergent
property of Eq. (3) for N <2 is still retained in the
simplified integral, which is similar to Eq. (2). The proba-
bility function Eq. (11) is one of the main results of this
paper. Many results, such as the collision frequency, can
be derived from the probability function [19,20].

IV. NORMAL APPROACH TO LINEARIZED
FOKKER-PLANCK EQUATION

Introducing (e|,€,;,€,,) as an orthogonal triplet of unit
vectors with e, =v /v, then u; can be expressed as

us=ug e tug €, tus,€e;,

=us(e cosy+e,; siny cosy+ey, siny siny)) , (12)
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in which y is the angle between ugs and u, and 1 is the az-
imuthal angle of us around u. Here, 11 and 12 and ||, re-
spectively, denote the directions perpendicular and paral-
lel to v. Choosing a spherical coordinate system with u
as the polar axis, we then have dus=u? sinydy dy dus.
Naturally, the Nth order term of coefficient (Av") is
simplified by calculating the following threefold dimen-
sionless integral:

(AVYY=(avy, V(u}) , (13)
where
(u}) = [ p(u,uudul siny dydy dus , (14)

|

N—2J+K)
(“au ”511“612>
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in which

o exp(—2uug cosy)

(u,ug)=
p ) /Zexp(uZ)

= T(n+1,u)

X —_—

2n+5

J,Quu g siny )(uu g siny)"
n=0 n!uS

(15)

After substituting Eq. (12) into Eq. (14) and using the in-
tegral formula Eq. (A1) which is derived in the Appendix,
the nonzero terms of the Nth order dyadic of {(u}) are as
follows:

(ul cosV ~2U By §in2V TK)y cosy sin?Ky )

=2B(J +1/2,K +1/2) [ p(u,us)u ** c

osV T2 Ky in2 I HKF Ly gy gy (16)

where B (x,y) is the beta function defined in Ref. [18]. Using the binomial theorem, one can obtain the expansion

+K

J
COSNAZ(J-FK)X SinZ(J+K)X=COSN—2(J+K)X z C.;+K( -1 )J+K—1 cos

2(J+K—1i)

X
i=0
J+K ] )
=(—1)/TE3 Cj g(—1)cosV 2y . 17
i=0
Substituting Egs. (15) and (17) into Eq. (16), and utilizing Eq. (A2), the integral over Y can be carried out, and Eq. (16)
becomes
20B(J +1/2,K +1/2)
(uN 2K, 20 2Ky —
H 511 812 (—1)J+K7Texp(u )
© D(n+1,u})/+k
deuﬁ nlg2n—N+3 E Crak(—
n—0 8
N=2i=1 VaCLrE T3 /24 L —i)uug) ¥
X(—uug )P N+ M ,
=L - TB2—M+i+1)I(5/2+n+1)
(18)
where L =[(N —1)/2] and M =[N /2], respectively, are the integer parts of (N —1)/2 and N/2. Let I =j —i, and

change the order of the summations and the argument of the integral; then Eq. (18) can be arranged as

oB(J+1/2,K +1/2)

<u1v 2(J+K)u%11u l2)_ T,
(—1)
Tk NI 3 /2+L — _
x> Cj e le e e L
; Tk EL ra3/2— M+j)
2”fF(n+1 u)udV Va3
X(—1)N¥texp(—u?)u N+22 (19)

For N =3, it is easy to find L =21 and then j > 1, so that
the integral in Eq. (19) is not divergent and can be calcu-
lated as

Jrn+,ududiPaui=m+/j . (20)

However, when N <2, one has L =0 and then j =0 so
that the integral in Eq. (19) becomes divergent. It is clear

n!(n+j—i+5/2)

n=0

from the onefold integral of Eq. (19) that the singular
point exists at u5=0 rather than 6=0. Therefore, the
cutoff should be made at us=us;,. Because the cutoff is
not necessary to be introduced until the lastfold integral,
the usual unproved treatment of replacing g by v, has
been naturally avoided. This cutoff at ug=u gy, actually
implies a cutoff on relative velocity g. It is easy to result
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in g > gnin =VihUsmin from ug > ug,. with the help of the
relation ug5=(g /v, )sin(6/2). This shows that the impli-
cit cutoff on the relative velocity at g =g ... is necessary
and essential to make the divergent integral finite. Hence
a pure scattering angle cutoff at 6=0_;, without g >g_ .
cannot remove the singular point. When the small angle
6.in Was misguidedly used as the cutoff parameter, the re-
placement of g by v, was inevitable, and actually played
a role on cutoff at g ;.. After the scattering angle cutoff
at 0=60,,,, the singular point at g =0 [corresponding to
Av=ag sin(6/2)=0] is actually removed by a replace-
ment about the relative velocity. The cutoff on the small
screening angle happened to be ‘““valid” for the special
case =6, and g =v because it actually ensures the
cutoff at Av,;, =avy, sin(8,;,/2). In order to include the
special case, the cutoff u,;, may be taken at

B(J+1/2,K +1/2)
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=Avn /vy =1/A , 21

U smin

where the Coulomb constant A=A, /b,, and Debye
length Ap =V eokT /ne’Z 4 [9]. It is necessary to em-
phasize that there is no artificial limitation on relative ve-

locity g here. The integral in Eq. (19) for j =0 is there-
fore

SO rn+1,udugdu ~n2InA | (22)

Equations (20) and (22) can be merged as
[T +1,ududi Vaud=(n +j)1&, (23)

where #=1/j for j50, and #=2InA for j =0. Substi-
tuting Eq. (23) into Eq. (19), one obtains

(ul~ A Ky 2T g 2Ky = © (_1)J+K
J+K —i—1 F(3/2+L ) L4
X3 Ciik 2 g Cm=i’
Zo UK & TB2—MH))
2n .
_{\N+i 2j—N+2 .2 (n +j)\ ”
X(—1)¥ "y exp(—u )EO n'I‘(n+J—i+5/2) . (24)
The summation of Eq. (24) with respect to n can be expressed as a finite form with the help of the relation
; n+j n W
[xe*y*(t,x)]V=— 2 X 2 _xMn (25)

dx’ I(n+t+1) -

nI0(n+t+1) "’

where (j) indicates the jth derivative with respect to x, and y*(z,x) is the analytic incomplete gamma function defined

as 6.5.29 in Ref. [18].

Then, from Eq. (13), the Nth order Fokker-Planck coefficient (Av®) is finally obtained as

_BUJ+1/2,K +1/2)7K N7 T(3/2+L —i)
<AV| J+KAVEJA (1) Ky ECJ+K > mCM FN,]( )‘ (26)
j=L
[
where the function Fy ; ;(x) is defined as Fyo0(u?)=—4wavy InAG(u) , (29b)

Fy.;/(x)=(=D"*Fao(avy,)Vx/ ~N2F1
Xe*x[xjexy*(:;/z_i+j’x)](j) . (27)

Equations (26) and (27) can recover all the previous re-
sults [3,4,11,12] for the Fokker-Planck coefficients with
Maxwellian scatters. For example, when N =1 and 2,
the usual form of the first two-order Fokker-Planck
coefficients can be obtained from Egs. (26) and (27) as

(Av ) =F;oo(u?), (28a)
<A"ﬁ)=F2,o,o(“2)/2+F2,0,1(u2) , (28b)
(Av}; ) =(Av, ) =—[F;00(u?)/2+F,q (u?)
+F,,0u®]/2, (28¢)
(Av?)=(Av})+(Av} Y+ (Av, ) =—F,,,(u?).

(28d)
It is not difficult to verify that

Fz,o,o(u2)=_ava1,o,o(u2)/u , (29a)

Fy10u?)=—20a%} InA®(u)/u , (29¢)

where ®(u) is the error function, and G (u) is the Chan-
drasekhar function [16]. After substituting Eqgs.
(29a2)-(29¢) into Eqgs. (28a)-(28d), the friction and
diffusion coefficients are found to be in agreement with
the usual results in Refs. [3,4]. The nondominant part
(j7<0) of the second order Fokker-Planck coefficient,
Fy0.1(u?), is also in agreement with the result in Refs.
[10,11].

V. CONCLUSION

In summary, the correct physical concept of collision
strength has been clarified, and the normal approach to
the linearized Fokker-Planck equation has been
developed based on this correct concept. The difference
between the small-angle scattering and small-momentum
transfer collisions for the inverse-square force has been
elaborated. From the viewpoint of physics, the collision
strength is determined by momentum transfer m Av rath-
er than scattering angle 8 when g is not a constant. The
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customary cutoff at 6_;, can neither exclude the distant
(weak) collision events with large 6 and small g, nor in-
clude the close (strong) collision events with small 6 and
large g. However, the cutoff at Av,;, cannot only ex-
clude such distant (weak) collisions, but also include such
close (strong) collisions. Furthermore, the cutoff at Av ;.
is even better than the cutoff on the impact parameter at
bnax IN a sense, because the cutoff at Av;, actually im-
plies a cutoff on g at g ;.. For example, even if the im-
pact parameter b =0, two ions cannot get closer than the
Debye length if their g is smaller than g_;,. Such distant
collisions with small b, which cannot be excluded by the
cutoff at b_,,, should be excluded according to the Debye
shielding theory, and really can be excluded by the cutoff
at Av;,. From the viewpoint of mathematics, the singu-
larity point of the Fokker-Planck integral exists at Av =0
rather than at 6=0. Therefore, the cutoff at 6,_;, cannot
remove the singularity point of the Fokker-Planck in-
tegral at all, because the cutoff should be made on the ve-
locity increment at Av,;,. It is demonstrated that the im-
plicit cutoff on g at g, is necessary and essential to
Av ;.. After the cutoff on the scattering angle at 6,
was misguidedly used, the integral was still divergent at
g =0. Therefore, the replacement of g by v, was inevit-
able, and actually played a role of cutoff on g. It actually
transferred the divergent integral into the finite one by
change. Obviously, the previous approach is question-
able, since one cannot regard such a replacement as some
kind of “average” [4] or “approximation” [14].

The probability function P(v,Av) for Maxwellian
scatters has been obtained based on the original physical
concept of collision strength. The customary replace-
ment of g by thermal velocity v,, is naturally avoided.
The derivation of Fokker-Planck coefficients is greatly
simplified with the help of the probability function, since
it is no longer necessary to integrate repeatedly over the
solid angle for every order of the coefficients. Finally, the
completed Fokker-Planck coefficients have been ex-
pressed in a uniform expression as Egs. (26) and (27).
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APPENDIX

In deriving Fokker-Planck coefficients, we encounter
two integrals

f :ﬂsin"'z/; cos"Ydy

2B(J +1/2,K +1/2)
~ |0 otherwise

when m =2J,n =2K

(A1)
where B(J +1/2,K +1/2) is the beta function, and
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fov exp( —a cosy )/, (a siny)sin” "1y cos™y dy

NN VECLTET(3 /24 L)a /2)" Y

S, T32—M+DT(5/2+n +1)

(A2)
where J, is the first kind of Bessel function, and T is the
Gamma function; and M and L are the integer parts of
N /2 and (N —1)/2, respectively.

Consider (4.3.127) and (6.2.1) in Ref. [18]; there is no
difficult to verify Eq. (A1).

We define the integral on the left hand side of Eq. (A2)
as a function S (N,n,a). When N =2M, the magnitude of
the integral does not change if the exponential function
exp(—a cosy) is changed into a hyperbolic function
2 cosh(a cosy); meanwhile the upper limit 7 is changed
into /2. Thus one has

S(2M,n,a)=2f0”/2cosh(a cosy )/, (a siny)

a
2

n+1 (A3)

Xsin" tly cos®y dy .
By expanding the hyperbolic cosine function
cosh(a cosy) (Ref. [18], 4.5.63), and using the integral
formula (Ref. [18], 11.4.11), the integral over x is found

to be
* T(m—+M+1/2)22"

S(2M,n,a)=m2=0 (2m)!(a/2)M_m+1/2 n+M+m+1/2(a) .
(A4)

After expanding Bessel function J, a4, +1,2(a@) (Ref.
[18], 9.1.10), we obtain

(—1)T(m +M +1/2)2>"
L(n+m+M-+j+3/2)2m)j!
n+20m +j)

S(2M,n,a)= 3, E:

m=0;=0

X (AS)

a
2
Reorder the summation of Eq. (AS) by the transform
k=m+jas

_ & Valas2)t*
SOMma)= 3 Ttk +MT3/2)
K (—1YD(k—j+M+1/2)

X
Eo ik —)IT(k —j +1/2)

When N =2M +1, Eq. (1) can similarly be changed into

. (A6)

S(2M + 1,n,a)=2f0ﬂ/2sinh(a cosy )/, (a siny)

n+1 2M +1

Xsin xdx . (A7)

Expanding the hyperbolic sine function sinh(a cosy) and
repeating the procedure from Eq. (A3) to Eq. (A6), one
finds

S(2M +1,n,a)

_a & _ Valasa)nt®
2.2, Tn+k+M+5/2)

X cos

L (—1YI(k—j+M+3/2)

X
EO jUk —)ID(k —j +3/2)

(A8)
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Equations (A6) and (A8) can be combined as

7 » v n+2k k (1) —
S(N,ma)= _a m(a/2) (. l)I‘('k 1+M+a+1/2) (A9)
2 | Sy Tn+k+tM+o+3/2) &, jUk —jl(k—j+o+1/2)
where M is the integer part of N /2; o0 =1 when N is odd; and o =0 when N is even.
We define the function 4 (N, i) by the generating fraction
Nk—j+M+o+1/2) M o (k—j)
= h )
Th—j+o+iz) 2 M0G0 (10

On one hand, the left hand side of Eq. (A10) is the coefficient of the Mth derivative of the function x* ~/ M +o=1/2,
namely

k—j+M+o—1/2)M) = Dk —j+M+o+1/2) k—jro-12

All
(x Nk—j+o+1/2) Al
On the other hand, the Mth derivative of the function x* =/ TM +9~1/2 cap be calculated as
(xk—J+M+0—1/2(M) = ( M+0=1/2, k—j)M) = § Cly(x MHo=1/2)M =3 k=)D
i=0
M TM+o+1/2) (k=) k—jto-1n2
= 7 . Al12
§O M To+it1/2) (k—j—il™ A1)
Comparing Eq. (A12) with Eq. (A11), one can obtain
Tk—j+M+a+1/2) 2 NM+o+1/2) (k—j) AL13)
Tk—j+o+1/2) ; Dlo+i+1/2) (k—j—i! "
One result of the expression of 4 (N,i) defined by Eq. (A10) from Eq. (A13) is
(VD)= CyT(M+o+1/2) (A14)
T T To+it12)
With the help of Eqgs. (A10) and (A 14), the summation about j in Eq. (A9) can be derived as
k M ki j
(—1YTIk—j+M+o+1/2) _ (—1y
h(N, —
EO Wk — )Tk —j +o+1/2) § ljzoj(k—i—j)!
M 1 k(= 1Yk —i)
=Y h(N,i
EO ( l)(k—z) o Jik —i—j)
M
= 2 (N8, ;
M cL,T(M +0+1/2)6 (A1S)
‘EO Clo+i+1/2) ki°
where 8, ;=1if k =i, and §, ; =0 if k5=i. Substituting Eq. (A15) into Eq. (A9), one obtains
SNVma)= | M VaCLT(M+o+1/2)a/2)" ¥ (AL6)
TN | & To+it1/20(n +i+M+o+3/2)

It is easily verified that M +o =L +1 if we recall that M and L are the integer parts of N /2 and (N —1)/2, respective-
ly. Then Eq. (A16) becomes

SNna— |2 EoMEl y VarCi,T(L +3/2)a/2)" ¥ Al7
AT 2 T(L—M+i+3/200(n +i+L +5/2) ° (A7)
Let i =1 —L; with the help of the relation L +M =N —1, Eq. (A17) becomes
Svmare |- |G YA T3 /2+ Lota /2y A8
MmO 2 TGa-MADNG24n D)

Finally, from Eq. (A18) we get Eq. (A2).
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